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Abstract. Let S be any closed hyperbolic surface and let A be a maximal 
geodesic lamination on S. The amount of bending of an abstract pleated 
surface (homcomorphic to S) with the pleating locus A is completely deter- 
mined by an (R/27rZ)-valued transverse cocycle /3 to the geodesic lamination 
A. We give a sufficient condition on f) such that the corresponding pleating 
map : H 2 — > H 3 induces a quasiFuchsian representation of the surface group 
tti(S). Our condition is genus independent. 

1. Introduction 

Let S be a closed surface of genus at least two. The Teichmiiller space T(S) of 
the surface S consists of all hyperbolic metrics on S modulo isometrics nomotopic 
to the identity. Let A be a maximal geodesic lamination on S. Each component 
of the complement of A, called a plaque, is an ideal hyperbolic triangle. Given a 
closed hyperbolic arc k on a hyperbolic surface S with endpoints in the plaques of A, 
there is a well-defined real number associated to k given by measuring the amount 
of the shearing of the hyperbolic metric on S along A from one endpoint of k to 
the another. The assignment of the real numbers to the geodesic arcs transverse 
to A, called a transverse cocycle, is invariant under under homotopics relative A 
and it is a finitely additive signed measure on each arc (cf. [3]). Each transverse 
cocycle to A is induced by and induces a (Holder) distribution on the space of 
Holder continuous functions on the transverse intervals (cf. [2]). The Teichmiiller 
space T{S) is injectively mapped into the space %(A;K) of all Holder distributions 
on the transverse arcs to A and it is homeomorphic to an open cone C(A) of T-L{\; M.) 
(cf. Thurston [17] and Bonahon [3]). Various topological and analytic properties of 
the space H(A,M.) are given by Bonahon [2], [4]. It is a compelling fact that Holder 
distributions appear in the inner workings of the hyperbolic geometry. 

An (abstract) pleated surface S with the pleating locus A is a pleating map 
/ : H 2 ->• H 3 with the pleating locus A such that for each 7 <G tti(S) < PSL 2 (R) we 
have / 070 / _1 e PSL2(C) and that A is realized by /, where A is the lift of A (cf. 
[3]). A pleated surface with the pleating locus A induces a transverse cocycle to A 
which is valued in C/27riZ, where the real part is given by the shearing of the path 
hyperbolic metric of the pleated surface /(H 2 ) C H 3 and the imaginary part by the 
amount of the bending along A. A pleated surface with the pleating locus A induces 
a representation of the fundamental group tti (S) into PSL 2 (C) which realizes the 
lamination A. Bonahon [3] proved that the space 7Z(\) of all representations of 
t^i(S) which realize A is parametrized by the space C(S) iH(\, M/27rZ) which 
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is an open subset of the space of Holder distribution %(A, C/27riZ). The Fuch- 
sian locus corresponds to the space of real valued transverse cocycles C(S) inside 
C/27riZ). Since the quasiFuchsian space Q(S) is an open subset of TZ(X), there 
is an open neighborhood of C(S) inside C(S) (J) vH{\, IR/27rZ) such that the corre- 
sponding representations are quasiFuchsian. We consider the question of explicitly 
determining a neighborhood of C(S) such that the corresponding representations 
are quasiFuchsian. This question is motivated by the recent proof of the well-known 
surface subgroup conjecture by Kahn and Markovic [10] . One of the main ingre- 
dients of the proof in [TU] is a sufficient condition on the complex Fenchel-Nielsen 
coordinates of a pants decomposition V of S which induces quasiFuchsian repre- 
sentations. Assume that the real parts of the complex lengths of the geodesies of 
V are close to R > and the real parts of the twists are close to 1 for a hyperbolic 
metric on S. A theorem from [10] states that there is a universal e > such that 
when the imaginary parts of the complex lengths are less than e and the imaginary 
parts of the complex twists are less than e/R then the representation is quasiFuch- 
sian when R is large enough independently of the genus of S (for another proof cf. 
[14]). When using Fenchel-Nielsen coordinates one is, by their definition, limited to 
giving conditions on finite laminations. Moreover the conditions on the real parts 
of the Fenchel-Nielsen coordinates impose conditions on the path hyperbolic met- 
rics of the pleated surfaces. We extend the scope of the theorem on quasiFuchsian 
representations by allowing infinite geodesic laminations and arbitrary hyperbolic 
path metrics on the pleated surface. 

Let a be a C/27riZ- valued transverse cocycle to the maximal geodesic lamination 
A on the surface S such that its real part is in C(S). Give S the hyperbolic metric 
corresponding to the real part of a. Denote by j3 the imaginary part of a; j3 is 
the bending cocycle which is R/27rZ- valued. In the special case when the bending 
cocycle (3 is a countably additive measure \i on each arc k transverse to A there is 
a well-understood, genus independent, condition that guarantees that the induced 
representation is quasiFuchsian. The Thurston norm \\/j,\\ of the transverse measure 

is defined to be the supremum of the deposited measure over all unit 

length arcs k transverse to A. Then there is a universal e > such that the bending 
map ffj, : H 2 — > H 3 continuously extends to an injection / M : 9oolI 2 — » <9ooIHI 3 
thus inducing a quasiFuchsian representation when \\fi\\ < e (cf. [9], [8], |13]). In 
fact, fp is a part of a holomorphic motion of dooV 2 and there is a quasiconformal 
extension of / M to <9ooH 3 whose quasiconformal constant converges to 1 as — > 0. 
The above statement is independent of genus and it even holds on any hyperbolic 
surface including the unit disk (cf. [5] and |13j). Our main result is an analogous 
statement for arbitrary bending cocycle /3 to A. 

In general, the restriction of a bending cocycle (3 to an arc k transverse to A 
is not a countably additive measure but rather a distribution supported on k D A 
which requires a subtle combination of analytic and geometric arguments (cf. [3], 
[2])- (One may think about the difference between working with absolutely and 
conditionally converging series of functions.) To illustrate the difficulty note that 
any (non-countably additive) finitely additive transverse cocycle j3 satisfies 

sup \0(k)\ = oo 

k 

where the supremum is over all hyperbolic arcs k of length 1 transverse to A unlike 
for the countably additive measures. 
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We fix a hyperbolic metric on S and give a sufficient condition on the bending 
transverse cocycle /? to the maximal geodesic lamination A to guarantee the injec- 
tivity of the bending map fp : SqoH 2 — > d^M 3 . Let {ki, . . . ,k n } be a family of 
closed geodesic arcs on S with endpoints in the plaques of A such that each com- 
ponent of A \ U" =1 fci is a finite arc, the arcs {ki, . . . , k n } intersect geodesies of A at 
angles between 7r/4 and 37r/4, 

(1) max \ki\< 1/20, 

l<i<n 

where \ki\ is the length of ki . In addition, collapsing each ki to a point (forming a 
vertex) and after identifying the homotopic (relative fej's) arcs of A\U" =1 fcj (forming 
an edge) we obtain a "topological train track" where each vertex is either trivalent 
or bivalent. The long edges of a train track can be divided into shorter edges by 
introducing bivalent vertices which improve the estimates on the size of the region 
in H(\, M/27rZ) whose induced bending maps are injective. 

If a set of arcs {fci, . . . , k ni } satisfies the above properties then {k\, . . . , k ni } is 
said to be geometric set of arcs. By the finite additivity, a transverse cocycle /3 to 
A is completely determined by its values fi(ki), for i = 1, . . . ,m, on a set of arcs 
as above (cf. [3]). We divide each arc fcj (which makes a trivalent vertex) into two 
subarcs k\ and kf with the division point in an interval of ki\X such that each family 
of homotopic arcs in A \ U^fcj has all of its endpoints on ki in exactly one k\ on 
the side of ki where two edges of the topological train track meet. For simplicity of 
notation, we write {ki : i = 1, . . . , n} in place of {ki, kf : 1 < i < tlx; j = 1, 2}. Let 
e be an edge of the topological train track formed by the set of arcs {fci, . . . , k n }, and 
let fc i( - e ) and k'^ be the two arcs which form the vertices of e. Let diam(ki^ [J k'^) 
be the diameter of the union of k^ and k'^ e y Define 

(2) mo = max diaraik^ U^( e ))' 

Given an edge e, let dist(fc,;( e ), k'^) be the length of the shortest geodesic arcs 
connecting k^ e ) and k'^ e y Define 

(3) m* = min dist(ki( e y k'^). 
Moreover, we define 

k* = max \kA 

l<i<n 

and 

k,, = min \kA. 

l<i<n 

The above quantities mo, to*, k* and fc* give the geometric information about 
the geometric set of arcs {ki : 1 < i < n} that we use in order to give a sufficient 
condition on the bending cocycles such that the bending map is injective. 

We define the norm of j3 for the family of arcs by 

(4) W\\ max = max{|/3(fc i )| : 1 < » < n}. 

For a given S > 0, we introduce the S-variation of /3 on ki as follows. A component 
of ki \ A is called a gap of ki. Let {di : I = 1, . . . , U} be finitely many gaps of ki. 
Define kd,, for / = 1, . . . , li, to be the subarc of ki whose initial point is the initial 
point of ki and whose endpoint is a point in di . Define 

(5) \\l3\\var s M = max \P(k dl )\, 
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where the set {di : I = 1, . . . , U} is chosen such that the length of fcj \ U^d; is less 
than (\ki\ denotes the length of fcj), and 

(6) ll/3|Uar 5 = max ||/3||„ or5)fei . 

l<?<n 

Wc give a sufficient condition for the injcctivity of the bending map correspond- 
ing to a transverse cocycle (3 in terms of a geometric set of arcs. 

Theorem 1.1. There exist e > and 5 > such that for any closed hyperbolic 
surface S and a maximal geodesic lamination A on S the following holds. Let 
{fci, . . . , k n } be a geometric set of arcs for A such that 

e- 2mo tanh^ 

(7) r < g—*-. 

If an (R/27rZ) -valued transverse cocycle (3 to A satisfies 

(8) H/Sllma* < efc* 

and 

(9) W\\var s < e 

i/ien i/ie developing map fp : H 2 — > H 3 continuously extends to an infective map 
fp : SooH 2 -> SooH 3 . 

Remark 1.2. The condition ((HJ is the standard condition that works for the trans- 
verse measures (cf. [8], [E]). The condition (j9|) is a new condition needed to control 
the geometry of the realization of the transverse cocycle j3 due to the fact that the 
variation of /3 is unbounded. Note that the condition © for a choice of a family 
of geometric arcs does not imply similar condition on an arbitrary arc of length at 
most 1. For this reason it is necessary that the arcs ki's are on a relatively large 
distance compared to their sizes which is made explicit by (|7|l . 

Remark 1.3. The size of mo and m* depend on the lamination A. The constants 
e and S are computed in terms of mo and m* in the proof of the theorem. If 
a geometric set of arcs {fci, . . . , k n } does not satisfy ((7]) then we can divide each 
arc into several subarcs until the condition is satisfied. If A contains short closed 
geodesies then m* is small for any choice of a geometric set of arcs for A. A generic 
geodesic lamination A contains no closed geodesies and the choice of a geometric 
set of arcs can be made such that mo > 1/5 and m* > mo/4 in which case we can 
choose k* = 4.41719 x 1CT 10 and e = 6 = 3.61749 x 1CT 17 . We give a table of values 
for e and S when m* = mo/4 for various values of mo (cf. Table [6]). It seems that 
the optimal value is mo = 0.0238523 in which case e = 6 = 2.01795 x 10 -13 and 
k* < 1.27126 x 10" 11 . 

Let a be an K-valued transverse cocycle to A which is induced by the hyperbolic 
metric on S (cf [5]). For wgC, define the transverse cocycle a w by 

ct w {k) = (1 + w)a(k) mod (27rzZ) 

for each arc k transverse to A. 

The developing shear-bend map f w : H 2 — ► H 3 (normalized to be the identity on a 
fixed plaque of A) corresponding to the transverse cocycle a w induces a holomorphic 
family (in w) of representation of tti(S) to PSL2(C) (cf. [3]). As a corollary to the 
above theorem, we obtain 
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Corollary 1.4. Let a be an 151-valued transverse cocycle to a geodesic lamination 
A corresponding to a hyperbolic metric on a closed surface S and let f w be the 
shear-bend map for a w . Then there exists e > such that the shear-bend map 

extends by continuity to a holomorphic motion of doo& 2 in <9ooH 3 for the parameter 
{w e C : M < e}. 

Acknowledgements. I am grateful to F. Bonahon and V. Markovic for various dis- 
cussions regarding the previous version of this article. 

2. Geodesic laminations 

Let Ska closed hyperbolic surface and A a maximal geodesic lamination on 
S. Each component of S \ A is an ideal hyperbolic triangle for the path metric 
of the complement called a plaque of A. Let {k\, . . . , k n } be a collection of finite 
geodesic arcs on S with cndpoints in the plaques of A such that each geodesic of A 
is divided into finite length arcs by the set Uf =1 ki. The family of arcs A \ U™ =1 fci 
consists of finitely many homotopy classes relative {k\, . . . ,k n } and we assume that 
after identifying all the arcs of the homotopy classes the obtained "topological 
train track" has the property that each vertex (corresponding to some ki) is either 
trivalent or bivalent. The usual definition of train tracks does not allow bivalent 
vertices but we do allow them. The reason is that our train track holds geometric 
information. 

We form a "metric train track" r as follows. A gap of ki (with respect to A) 
is a connected component of ki \ A. If fcj corresponds to a trivalent vertex of the 
corresponding topological train track, we divide arc ki into two subarcs k\ and 
kf with a division point in a gap of ki such that the endpoints of the arcs of 
A \ U" =1 fcj which belong to different homotopy classes lie in different subarcs. We 
connect the endpoints of {k\, . . . , k n } together with the points of the division of 
each ki (into k\ and kf ) by geodesic arcs inside the plaques of A to obtain a finite 
collection of geodesic quadrilaterals whose two sides lie on ki's and the other two 
sides are obtained by connecting the chosen points on ki 's inside the components of 
S\(AU(J"_j ki). We call these quadrilaterals, somewhat improperly, long rectangles. 
The sides of the rectangles which lie on ki 's are said to be short and the other two 
sides are said to be long. The finite collection of long rectangles forms a (metric) 
train track t on S such that the long rectangles arc the edges of r and the switches 
of t are the arcs {k\, . . . , fc„}, where wc allow them to be cither trivalent or bivalent. 
The geodesic lamination A is a subset of the interior of the train track r and it is 
said that A is carried by r. The train tack r is nomotopic to the topological train 
track. This kind of train tracks were introduced by Bonahon (cf. [2]). 

Definition 2.1. Let too be the maximum of the diameters of the long rectangles of 
r and let to* be the shortest distance between two short sides of the long rectangles. 
Let fc* be the minimum of the lengths of the short sides over all long rectangles of r 
and let k* be the maximum of the lengths of the short sides over all long rectangles 

Of T. 

We impose two conditions on r. Namely we require that the angles at the 
vertices of each long rectangle lie in the interval [7r/4, 3n/A]. and that k* < A 
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(metric) train track which satisfies these conditions is said to be geometric and the 
corresponding collection of arcs {fcx, fe, . . . , k n } is said to be geometric. 

Lemma 2.2. Let R be a long rectangle of a geometric train track t with short sides 
ki and fc 2 . Then the distance d between the long sides of R satisfies 

d - 20^ min{|fcl|,|fe|} ' 
where \ki\ is the length of ki . 

Proof. Let k\ and ki be the short sides of R, and let li and / 2 be the long sides of R. 
Denote by h\ and h% orthogonal arcs from k\ D I2 and fc 2 fl I2 onto l\, respectively. 
The hyperbolic sine formula, the bounds on the angles at the vertices of R and the 
mean value theorem give 

I hi I cosh 1 > sinh \hi\ > —j= sinh | ki | > —j= \ ki \ 
V 2 v 2 

which gives 

\h,\ > 



•\/2cosh 1 

By possibly decreasing R, we can assume that hi and hi have the same length 
\hi I = I/12I > 7g 1 , — minllfcil, Ifcalj. Let /i be the arc which is orthogonal to both 

11 11 v 2 cosh 1 1 ' 1 1 j 

Zi and li. An elementary hyperbolic geometry formula applied to the rectangle 
whose two sides are h\ and h gives 

sinh ™"{jfciUfal} 
cosh 1 > sinh \h\ > v^coshi 



/sinh 2 ^o+4min{ | fc 1 | , | fc 2 | } cos^^H^^ |fc 2 |}) + 1 

which in turn gives 



□ 



3. Transverse cocycles for geodesic laminations 

Definition 3.1. [3] A real-valued transverse cocycle a for A is an assignment of 
a finitely additive signed measure to each transverse arc k to A which is invariant 
under homotopies relative A. Namely, a assigns a real number a(k) to each closed 
arc k transverse to A whose endpoints are in S— A such that if k' is an arc homotopic 
to k relative A then a(k) = a(fc'). Moreover if k = k± U fc 2 , where k\ and fc 2 are 
transverse arcs to A with disjoint interiors, then a(k) = a(ki) + a(k 2 ). 

We will also need transverse cocycles which take values in R/27rZ. 

Definition 3.2. [3] An M./2irZ- valued transverse cocycle (3 for A is an assignment 
of /3(k) e R/2irZ to each transverse arc k to A which is invariant under homotopy 
relative A and which is finitely additive. For example, an IR/27rZ- valued trans- 
verse cocycle j3 is obtained by taking a real-valued transverse cocycle a and setting 
P(k) := a{k) mod (2ttZ). 



BENDINGS BY FINITELY ADDITIVE TRANSVERSE COCYCLES 



7 



A real- valued transverse cocycle for A induces a transverse Holder distribution 
for A (cf. Bonahon [2]). However, this approach is not used in this paper and we 
refer the reader to [5] for more details. 

Let a be either an R-valucd or an R/2-7rZ- valued transverse cocycle for A. Given 
an edge E £ r, let kE be a geodesic arc which connects the two long boundary 
sides of E. Define a(E) :— a(ks)- Note that a(E) is independent of the choice of 
k,E by the invariancc of a under homotopy relative A. The transverse cocycle a is 
completely determined by the values a(E), E £ r(cf. [5]). 

4. The realizations of R-valued and R/27tZ-valued transverse 

cocycles 

We consider a hyperbolic surface S and a maximal geodesic lamination A of S. 
Bonahon [3] defined an injective map from the Teichmiiller space T(S) of S into 
the space H(X, R) of all R- valued transverse cocycles for a fixed maximal geodesic 
lamination A which is a homeomorphism onto an open cone C (A) of T-L(X, R). Denote 
by do a fixed hyperbolic metric on S. Then ao represents the base point in T(S) 
and let ao £ %(A,R) be the corresponding transverse cocycle. Then [H Proposition 
13] any other real-valued cocycle a £ H(A, R) which is close enough to ao is also in 
the image of T(S) in H(X, R). Namely, when the difference a — ao is small in the 
sense that the norm \\a — ao|| is small, where 

IHI :=max|a(S)| 

and the maximum is over all edges £ of a train track r that carries A then a 
determines a point in T(S). 

The proof of the above statement is given by constructing the realization of 
Oil starting from the realization of ao- We recall that A is a maximal geodesic 
lamination for the metric ao ■ We lift A to a geodesic lamination A of the universal 
covering H 2 . Components of H 2 \ A are called plaques of A and they are lifts of 
plaques (i.e. connected components of S \ A) of A. Each plaque of A is an ideal 
hyperbolic triangle. Let k be a geodesic arc in H 2 which connects two plaques P 
and Q of A. Let Vp y Q be the set of all plaques of A that separate P and Q, and let 
V = {Pi, P2, . ■ ■ , P n } be a finite subset of Vp,Q such that the index increases from 
P to Q. Let gf and gf denote the geodesies on the boundary of the plaque Pi that 
separate Pi from P and Q, respectively. Let gg be the geodesic on the boundary 
of Q that separates P and Q. Define a — a\ — ao. Let a(P, Pi) denote the a-mass 
of a geodesic arc with endpoints in P and Pf, similar definition for a(P, Q). Define 

r r a(P,P l )r r -a(P,P l ) rr a(P,P 2 ) rr -u{P,P 2 ) r71 a(P,P„) r7n -a(P,P„) Tn a(P,Q) 
</?P — 1 n p 1 Q J- n P * Q '"J P -i Q * n P 

where T^p P ' P ^ is the hyperbolic translation with axis gf which is oriented to the 

left as seen from P and with the translation length a(P,Pi). Similarly, y^ Q ( p ' P! ) 

is the hyperbolic translation with axis gf , oriented to the left as seen from P, and 
with the translation length —a(P,Pi). 

Then (pp,Q = lim-p_s.p PQ Lp-p and this defines the realization of the cocycle a (cf. 
[3]). Let 

, r r a(P,P 1 ) rr -a(P,P 1 ) rr a(P,P 2 ) rr -a(P,P 2 ) T «(P,P„) T -a(P,P„) 

V ' 9f 9? 9% gi 9% gS 
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and let ipP.Q = hmp^-pp Q i/'p. It follows that 

¥>P,Q = 1(>P,Q°T p 

The quantity "0p,Q is the difference from T a j P '^' 0/ i/ie realization </?p,g of er. 

Bonahon [3] proved that for a fixed surface S and small ||a|| = ||ai — ao|| the 
difference always lies in a compact subset of PSL2(M.). We obtain bounds on the 
difference independent of genus of the surface. 

Our main interest are bending pleated surfaces. The bending of (abstract) 
pleated surfaces with the pleating locus A is completely determined by an M./2nZ- 
valued transverse cocycles for the geodesic lamination A on S and each R/27rZ- 
valued transverse cocycle to A is realized by an abstract pleated surface with pleat- 
ing locus A (cf. 0). Denote by H(\, R/2-k'Z) the space of all (R/2ttZ)- valued 
transverse cocycles to the lamination A. The space of all abstract pleated surfaces 
with the pleating locus A is parametrized by C(A) ® iH(\, M/2?rZ), where C(A) is 
the open cone in "H(A,K) which parametrizes the Teichmiiller space T(S). 

Let (3 £ %(A,R/2ttZ). The formula 

Vr = RT' Pl) R-i {P ' Pl) R^ P ' P2) R- Q mP2) ■ ■ ■ R^ Pn) R-i {P ' Pn) R^ p ' Q) 

where R^ P P ' P ^ is the rotation with the axis gf and with the angle f3(P, Pi), defines 

the realization of bending on a finite subset V = {P 1: P 2 , . . . , P n } of Vp.Q, and 
ipp,Q — limp_j.p p q ip-p defines the realization of (3 (cf. [3]). Note that the realization 
exists for all (3 £ "H(A, M/27rZ) because of the compactness of R/27rlL The difference 
from R^ P P '^ of the realization of (3 is given by 

g Q 

(10) -0P.Q = lim ipv 
where 

/I,! ,/, _ T3P{P,Pl) „-P(P,Pl) nW^ft) p-^(P,P 2 ) T3P(P,Pn) p-/3(P,P„) 

(11) pp — Hp H Q Hp H Q ■■■ H a p H n Q 

Let / : H 2 — >• H 3 be the bending map for the bending pleated surface defined 
by /3, where H 2 is identified with the (xz)-half-plane in the upper half-space H 3 = 
{(z,t) : z £ C,t > 0}. Then / does not necessarily extend to an injective map from 
effl 2 into 9H 3 . We will give a sufficient condition on (3 such that this extension is 
injective and our condition will be genus independent. 



5. The nested cones 

Let g C H 3 be a geodesic ray with initial point po, and let p £ g be a point. 
For < 6 < 7r, the cone C(p,g,9) with vertex p, axis g and angle 9 is the set of 
all w £ H 3 such that the angle at p between the positive direction of g and the 
geodesic ray from p through w is less than 9. A non-zero vector (p,v) £ T 1 (H 3 ) 
uniquely determines a geodesic ray g which starts at the basepoint p of v and which 
is tangent to v. Then C(j>, v, 9) is by the definition C(p, g, 9). The shadow of the cone 
C(p,g,8) is the set d oa C{p,g,9) of endpoints at d^M 3 of all geodesic rays starting 
at p and inside C(p,g,9). 

For d > 0, let p c i £ g be the point on g which is on the distance d from po = p. 
Let r] > be the maximal angle such that C{pa 1 5, rf) cC(po, g, 9). Then r\ = r)(d, 9) 
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is a continuous function of d and 8. For a fixed < 8 < ir, we have r](d, 8) > 8 and 
rj(d, 9) — > 8 as d — > 0. These properties are elementary. 

We use the quaternions to represent the upper half-space model H 3 = {z+tj : z G 
C, t > 0} of the hyperbolic three-space (cf. Beardon Q]). The space of isometrics 
of H 3 is identified with PSL 2 (C) which is equipped with the norm 

\\A\\ =max{|a| + |6|,|c| + |rf|} 

where A(z) = §f±| G PSL 2 {C) and ad - be = I. The Poincare extension to H 3 of 

the action of A G PSL2( I C) on C is computed in [T] to be 

_ (az + b)(cz + d)+ act 2 + tj 
{Z + ]) ~ \cz + d[ 2 + \c\H 2 ■ 

An isometry of H 3 which is close to the identity moves points on a bounded 
distance from j G H 3 by a small amount and the tangent vectors are rotated by 
a small angle with respect to the Euclidean parallel transport in R 3 . We give a 
quantitative statement for the above including the situation when the points are 
on the unbounded distances from j G H 3 . 

Given P = z + t j G H 3 , we define 

ht(P) = t 

and 

Z(P) = z. 

Let (P,v), (Q,w) G TH 3 be two points in the tangent space TH 3 of H 3 , where 
P, Q G H 3 and v, w G TH 3 . Define the distance on TH 3 by 

D TM3 ((P, v), (Q,w)) = max{\ht(P) - ht{Q% \Z(P) - Z{Q)\, \Z(v, w)\} 

where Z(v, w) is the angle between the vectors v and the euclidcan parallel translate 
of w at the point P. 

Lemma 5.1. Let mo > and C > be fixed. Define t/(toq, C) — min{ 1 o(c+i) mo i il- 
If < r) <r)',0<m< too, A g PSL 2 (C) with 

\\A - Id\\ < r\m 

and (P, v) G TH 3 such that 

D Tm3 ((P,v),(e- m j, -j))<C V m 

then 

D Tm (A(P, v), (e-™j, -j)) < C lV m 
where d = 27r(60C + 9). 

Proof. Let ht{P) = h and Z(P) = z. Let Pi = A(P), and ht(P{) = hi and 
Z(P\) = z\. For A G PSL2(C), the Poincare extension (cf. [T]) of A is given by 
the formula 



(az + b) (cz + d) + ach h 
( ' = \cz + d\ 2 + \c\ 2 h 2 + \cz + d\ 2 + \c\ 2 h 2J ' 

By the assumption, \Z(P) - Z(e- m j)\ = \Z(P)\ = \z\ < C-qm and \ht(P) - 
ht(e- m j)\ =\h- e~ m \ < Cr\m. We set 

^(TO ,C)=min{ io(c | i)TOo ,l}. 



10 



DRAGOMIR SARIC 



If T] < r]'(mo,C) then Cr\m < jq and r/m < Moreover, \\A — Id\\ < ipn 
implies that \b\, |c|, \a— 1|, \d— 1| < nm. The above inequalities together with some 
elementary computations give 

|/i£(Pi) - e~ m \ < (2C + l)r)m 

and 

\Z(Pi)\ <4(C + l)r?m. 

Let v = v\ + v 2 i — j and w = A'(P)v = W\ + w 2 i + w 3 j. The assumption 
— j)| < Cr\m implies that \v\\, \v 2 \ < ^Cr/m. Note that 

0A l dAi dA l 
m = -z— vi + -7T—V2 + -7rrv 3 
ox ay ah 

for I = 1,2,3, where A = A\ + A 2 i + A 3 j. Some more elementary (and long) 
computations give 

.dAi, .dAi. ,dA 2 . .dA 2 , 



at the point P, 
also at the point P, 
and 



dx ' dy ' dx ' dy 
,dAi. ,dA 2 



< 15 



1 dh " 1 dh 

, dA 3 8A 3 
1 dx 1,1 By 



< 9r)m 

< Ylr\m 



| 1 > 1 - orjm 
at the point P. The above estimate provide 

KI,KI < (60C + 9)?7to 

and 

\w 3 \ > 1- (4C + 6)?7m. 

Then 

7r(60C + 9) 

|z(w '- j)l ^ i-( 4 c + 6)^ m - 

SillCe 1 ^ (4C+6)m WC ° btain 

(12) |Z(w, < 2tt(60C + 9)r?m. 



□ 



Lemma 5.2. Ffccm > and C > 0. Letn"(m ,C) = min{ 32( p + 7 )mo , 667T \ 6 oc +9) } ■ 
Then for each < i] < rf 1 {mo, C), for each < m < mo and for each A € PSL 2 (C) 
with 

\\A - Id\\ < rim 

we have 

dooC(j, -j, ~) D 9ooC(A(P), A'(P)v, ~), 
where (P, i>) € TH 3 is such that 

D TM 3((P,v),(e- m j 1 -j)) <Cnm. 
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Figure 1. 



Proof. Recall that h x = ht{P x ) and zi = Z(Pi), where e"" 1 - (2C + l)r/m < hi < 
e~ m + (2C + l)r]m and \zi\ < 4(C + 1)77771 by the proof of the above. Let y = \zi\. 
Note that zi is the foot in C of the vertical line through Pi perpendicular to C. 
Let i g C be the center of the euclidean hemisphere in H 3 which passes through 
Pi and is tangent to the unit radius euclidean hemisphere centered at G C. Let 
(p be the angle at P\ between the radius of the hemisphere centered at x and the 
vertical line through Pi (cf. Figure 1). 
From Figure 1, we have 



(1 - x) 2 = (x - yf + hi < x 2 + h\ 



which implies 



l-h\ > l-h x > l- er m - (2C + l)rym > 1 - (2C + l)r] 



If i] satisfies 



then 



< 



2(2C+1)' 



(13) x > —m. 



This gives 



4 



x-y \m - 4(C + l)r?m 1 

tang? = > — ; — — > — m 

^ hi ~ e~ m + (2C + l)r?m ~ 16 



when v < 32mo ( C+1) ■ 

Let <pa be the angle at Pi in Figure 1 when m = tuq. Then we have 

(14) ip > tan</5 > to. 

tan ipo tan ipo 16 



We need an upper bound on . Let xq and yo be the values of x and y when 



tan i£o 

Too- Similar to the above, we have 

(1 - x ) 2 = (x Q - y Q ) 2 + h 2 > (x - y ) 2 
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which gives 

because yo < C-qra < Then 



Xrt < < — 

- 2 - 20 



tan ^ = < x jl< is < ii e ™ 

^ h ~ h ~ e"™° - (2C + l>m ~ 10 



fOT ^ 2mo(2C°+l) ■ SillCe 



tan iy9o 1 



(^0 cos y> 

by (|14p we obtain 



< — - — = a/ tan 2 ipo + 1 < 2e mo 



e 



-mo 



(!5) ^>-^-m. 
Let ip* = e 33 ° m. It follows that 



dooC{P u -j, \ + Vim) C dooCij, —j, ~). 
By Lemma 1511 \Z(w, -j)\ < 2tt(60C + 9)nm when < rj < ?/(m , C). Thus we get 



7T 7T 

dooC(Pi,w, —) C d 00 C(P 1 ,-j, — + ip* Q m) 

when r\ < gg^goc+g) which implies the desired nesting of the cones. By putting 
the bounds on rj together, we define ?/' = min{ i2 (c+i) ma > e&^feo^+g) } ■ D 

Lemma 5.3. Let uiq > be fixed. Let g be the positive z-axis in H 3 and let h be 
the geodesic in the xz-plane that intersects g at the point e~ m j G H 3 subtending 
the angle 9. Then for any m with < m < m , any 9 with < 9 < e 16 ° , and any 
(P, v) e TH 3 with 

D Tm3 ((P,v),(e- m j, -j)) = 5<± 

we have 

D Tm3 (Rl(P,v),(e- m 3 1 -j)) < 20S + A0V2e mo 9 
for any ip £ M., where R!fc is the rotation o/H 3 with the angle tp around the axis h.. 

Proof. Let b < and a > be the endpoints of h. Since the angle between g and h 
is 9, it follows a = — 6 tan 2 (9. Moreover h intersects g in the geodesic arc [j, e~ m °] 
which gives e~ m ° < \f— 2ab < 1. Consequently 

(16) ^- m °\^ b ^U 
and 

-2m m 

(17) <a< 



Note that 



V2tt ~ 2^2 



a-e"<>b , ah(e^-l) 



Y>/ 2 (a-!>) Z ^ e^/2( a _b) 
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and let Rf t (z + tj) be the extension of R^ to H 3 . Then 



z{Ri(z+m 



r a-e^b . i ab(e^-l) 
le i f/ 2 (a~b) ^ e i v/ 2 (a-b) 



e^a-b 



2 («-*>)' 



>(a-b) 



1-e'^ i e'^g-b 1 2 i I l — e i f 1 2 j.2 

^/ 2 (o-b) Z ~*~ e'v/ 2 (a-b) I " 1 " I e i f/ 2 {a-b) I 1 

g-e^b ab(e-'^-l) , 2 

_! e^/ 2 (q-b) e-'v/ 2 (a-b) 

^a-b 



and 



ht(R e h (P,v)) 



i ^/ 2 (a-b)' i "•" e>*>/ 2 (g-b) I ^le^/ 2 (a-b)l l 



i v a —b 



The bounds on 8 and give that a < |, |z| < \ and |6| > 4. Similar to the proof 
of Lemma T5. II we obtain the desired estimates. 



□ 

Lemma 5.4. Let A be a rotation in H 3 with fixed points a, b £ K i/iai rotates by an 
angle e. If the geodesic with endpoints a and b intersects the ball of radius too > 
centered at j € H 3 , then 



\A-Id\\ < (1 



= 2m \ 



Proof. Note that 



q-be" _ _|_ ab(e"-l) 
(o— 6)e*l 



(a-b)e* 2 



1 — e* e ^ ae le — b 



(a-b)e l 2 ' (a-b)e*2 

Assume that |a| < |i>|. Since l a ^ intersects the ball of radius to centered at 
j e H 3 , it follows that \a\ < e m ° and \a - 6| > 2e m °. Then 

a - be" 



1 



(a - by 
Further, we claim that 



|a — o| |a — o| 2 2 



a&(e* 



- & 



< 



\_ab\_ 
\a-bl 



=2m 



e < 



To see this, note that j G H 3 is on the distance at most Too from the geodesic / aib . 
Then [TJ formula (7.20.4)] gives 



sinhTOo > 



cosh too + ab 



|(6 — a)\coshmo 
which implies the above. In a similar fashion, we obtain 



and 



(a — 6)e l 2 

1 - e l 



1 



< (1 + e Zm °)- 



(a - b)e l 



< e mo e. 



□ 



The following lemma is well-known [3] and we estimate the constant involved. 
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Lemma 5.5. Let g\ and gi be geodesies in H 2 C H 3 that have a common end-point 
and that intersect the ball B mo (i) of radius mo > centered at i £ H 2 . Let s be a 
geodesic arc that connects gi and g 2 inside B ma (i). Then 

\\Rl°Rg 2 e -Id\\<2e m °(l + e m °)\s\-\e\, 

where \s\ is the hyperbolic length of the geodesic arc s. 

Proof. Let Ri be a rotation around ieD 2 . Then Ri(z) = JL §±^ with a 2 + b 2 = 1, 
a,b£R. Then = \a\ + \b\ < 2. 

Let m £ K U {oo} be the common endpoint of the geodesies gi and g 2 - If the 
rotation Ri is chosen such that Ri{x) = oo, then Ri o o R7 = Rp for j = 1,2 

where q\ also intersects the ball around % £ H 2 of radius mn and R e , is the rotation 

around the axis g'j by the angle e. Note that 

\\ R i ° R ~ a : - u \\ < ii^t'ii • ii^; ° r z - u w ■ n^ii = 2 H^; ° - Jd ll- 

Let a and b be the endpoints of g[ and respectively. A short computation 
gives 

||i%o^-Jd||=2|a-&|.|sin|| < |o-6|-H. 

Let Pi € .gi and P 2 € .92 be the endpoints of s. Without loss of generality, assume 
that ht(Pi) > ht{P-2). Let V be the arc issued from P2 that is orthogonal to g[. Let 
x = ht(P 2 ). A direct computations gives 

as) m = io g [l^+^ESf] 

Note that /i = li^i is the length of the horocyclic arc centered at 00 between 
g[ and g' 2 at the height x. Let /iq is the maximum of the lengths of horocyclic arcs 
with the center at 00 and inside the ball of radius mo centered at i £ H 2 . Then we 
obtain 

\l'\>log(l + h)>—!—h 
1 + ho 

which implies 

\a-b\ < x(l + h )\l'\ < e mo (l + e mo )|/'| 
and lemma follows. □ 

6. Injectivity on the boundary 

We fix an embedding of H 2 in H 3 defined by the mapping z = x + yii~^x + yj 
for y > and We show that the bending map of a pleated surface realizing 

a transverse cocycle (3 £ "H(A,M/27rZ) induces an injective map from dooM 2 into 
dooM 3 under geometric conditions on the bending transverse cocycle j3 given in 
Theorem O 

Proof of Theorem \l.ll Let {fci, . . . , k n } be a set of arcs obtained by subdividing a 
geometric set of arcs for the geodesic lamination A as in §2. Let r be the correspond- 
ing geometric train track. Let A and f be lifts to H 2 of the geodesic lamination A 
and the geometric train track r. For simplicity, we denote by kj any lift of an arc 
kj and by E any lift of an edge E. 

Let <7 be an arbitrary geodesic in H 2 . Our goal is to show that the endpoints 
of g in dooM 2 are mapped to distinct points in SooH 3 under the bending map / 
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corresponding to the transverse cocycle /3. If g is contained in f then it coincides 
with a geodesic of A. Since the bending map / sends a geodesic in A to a geodesic 
in 9ooIHI 3 , it follows that the endpoints of g are mapped to distinct points. 

The main case to consider is when g intersects H 2 — f. Let p E g n (H 2 — f ). 
Then p divides the geodesic g into two geodesic rays g\ and gi- We consider the 
geodesic ray g\ and similar conclusions hold for gi- 

Divide the geodesic ray g\ into subarcs using the points of intersections of <?i 
with the boundary sides of the edges of f (i.e. boundary sides of rectangles) as 
follows. The point p is the initial point of g\. The first point a\ of the intersection 
of gi with f is at a long side of an edge E of f . We consider the next point pi 
of the intersection of g± with a boundary side of an edge E of f . If p\ is on the 
long side of E then we set b\ = p\ and [ai, b{\ is the first subarc in the division of 
gi . If pi is on the short side of the edge E then we consider the next point qi of 
the intersection of g\ with boundary sides of the edges of f . If q\ is on a long side 
of an edge then we set 61 = q%. If q\ is on a short side and the next point of the 
intersection of g\ with the boundary sides of f is also on a short side, then we set 
<7i =b\. If qi is on a short side and the next point of the intersection r\ is on long 
side, then we set b\ = r\. Note that the arc [ai,b{\ intersects interiors of at most 
three edges of f. 

Assume that we have defined first n arcs {[ai, 61], . . . , [a„, &„]} and we proceed 
to define (n + l)-st arc. If b n is on the boundary of two edges of f , then we set 
a n+ i = &„; otherwise we let a n+ i to be the first intersection point of g\ with the 
boundary sides of the edges of f that comes after b n . Then b n+ i is chosen in a same 
fashion as b\ above. We continue this process indefinitely Thus we obtain a family 
of arcs {[a n , & n ]}neN- If «n does not belong to a plaque of A then we replace it with 
a nearby point on g\ which belongs to a plaque and call the new point a n again. 
Do the same for b n . This situation occurs when a n or b n belong to the intersections 
of a short side of an edge of f and the geodesic lamination A. The complement in 
gi of the union of arcs [a„, b n ] does not intersect A. 

We consider a sequence of nested cones C(a n ,gi,^) D C(b n ,gi,%) for n £ N. 
Normalize the bending map / to be the identity at a n . It is enough to prove that 

<9oo/(C(&„,3i, 2)) c d oc C(a n ,g 1 , -). 

Because this property is geometric, it is independent of the normalization of the 
bending map and it can be repeated along the sequence of arcs {[a„,6 n ]}. Thus 
we obtain that the sequence of the images under the bending map of the shadows 
of the cones is nested and in particular, the image under / of the endpoint of g x 
is contained in dooC(p,gi, f ). Similarly, the image under / of the endpoint of g 2 
is contained in d 00 C{p,g2 1 § )■ Since d 00 C(p,gi, ^) nd O0 C(p 7 g2, f ) = 0, the bending 
map / sends the endpoints of g into distinct points of OooH 3 . 
To finish the proof, it remains to show that 

(19) 9oo/(C(6„, 5l , |)) c 9 00 C(a„, 5 i, |) 

where the bending map / : H 2 — > H 3 is normalized to be the identity at the point 
a n . The rest of the proof is divided into cases depending on the combinatorics of 
the intersection of [a„, b n ] with the edges of f. 
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Let too be the maximum of the diameters of the edges of the train track f. Then 
each [a n ,6 n ] has length less than or equal to 3too since it intersects at most three 
edges of f. 

Case 1. Assume that [<z n , b n ] intersects interior of a single edge E of f and that 
it connects the long sides of E. Let P and Q be the plaques that contain a n and 
b n , respectively. We normalize such that a n = i £ H 2 . Let kj be a short side of E 
(which means that it is a lift to H 2 of an arc in {k\, . . . , k n } denoted by kj again, 
cf. §2). Then \kj\ < k* < ^j. Note that kj is contained in the ball of radius m 
centered at a n = i £ H 2 . Recall that 

1>P,Q = _ b m ^ 

where Vi = {Pi, P2, ■ ■ ■ , Pi} is a set of plaques between P and Q in that order, and 

<to = o #t (p,Pi) ° • • • ° ^i p ' p,) ° j?t (p ' p,) = n ^ PP) ° i?t (p - Pi) 

V ff?! fli 9p, ffS 11 9p, sf. 

1 1 t=l 

with being the geodesic on the boundary of Pi which separates Pi from P; 
similar for g*p. ; and R® being a rotation with the axis g and the rotation angle a. 

Since points of kj are on the distance at most mo from i £ H 2 , it follows by 
Lemma 15.51 that 



(20) \\R f3 S P ' Pl) o R-^ Pl) - Id\\ < 2e m «(l + e m °)\p(P, P t )\ ■ \d t \ 

where \di\ is the length of the gap di = kj n Pi and /3(P,Pi) is taken to be in the 
interval (— tt, it]. 

We estimate the norm of Il!=i RgP R~q for arbitrary /. By (|20| . we 
have that 

11 n ^r^^ o ^-#^11 < n o^-#^n < n( i + 2 -^°( i + eT "°)wi) 

fp^ 9 p. AJ - yp i 9 p. A A 

i—l 1 i= 1 1 d 

where the last product is over all gaps d of kj with respect to A. Then 
1 

lo g nil<p pPl) °^;Q (PPl) ll <5>g(l + 2^ e ™°(l + e mo )M) < 

i=l i Pi d 

< ^ 27re mo (l + e mo )\d\ < 27re m °(l + e m °)|%|. 

d 

Since |fcj| < we have 

|| rWl P ' P<) R~i {P ' Pi) \\ < e a - m °( 1 +« m °)l*il < C(mo) 

2 — 1 * 

where 

(21) C(TO )=e e2m °. 
This implies 

HV.'p,q - «|| < C(m ) W^T Pd) R J (P ' Pd) - Id l 

y P r i 9p, 
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where the sum is over all gaps d of kj (i.e. components of kj \ A) except the two 
components which contain the endpoints of kj ; Pd is the plaque which contains d. 
We divide V w \\R Pi P P ' Pd) o R~g {P ' Pd) - Id\\ into two sums as follows. The first 

9 ? d 9p d " 

sum ^2 is over finitely many gaps {di : I = 1, . . . , rij} of kj used in the definition 
of ||/3||t, rj,fej an( i the second sum is over the remaining gaps of kj. We have 
that each term of J^' corresponding to a gap d of kj is bounded from above by 

2e mo( 1 + e m )| d | . II^H^ by gjjj, Thug £' < 2e m 0(1 + e ™o)| fcj | . \\/3\\ vars . The 

term of the second sum ^2" which corresponds to a gap d of kj is bounded by 
27re m °(l + e m °)|d| by (HOD- Since the sum of the lengths of all d in is less 
than S\kj\, we obtain Y^" < 27re m °(l + e m °)S\kj\. Thus taking the two estimates 
together, we have 

\\Tpp,Q-Id\\<C'(m )(\\j3\\ var5 +6)\kj\ 

where 

C(mo) = 27re mo (l + e m °)e e2m ° . 
By LcmmaEl we get that ||iif< p ' Q) -Id|| < (l+e 2m °)|/3(fc,)|/2 < l±^||j8|| mo!B 

by the assumption and by @(P, Q) = /3{kj). Thus ||i?^ P ' Q) || < 3+e * m ° \\0\\ max < 

— - if we restrict to j3 with |j/3|j ma 2- < 1- Consequently, we obtain 



(22) 
where 



o I 2mo 1 I „2m 

\<Pp,q - Id\\ < C'( mo )— 2 (||/3|U 5 + 8)\kj\ + + 2 H/3|| 



< C"(m )(MUu + S)\kj\ + l - ± ^M 

o I „2m 

C"(m ) = C"(mo) — =7r(i + e mo )(3 + e 2mo )e mo+e °. 



The inequality (j2"2")l holds for both short sides fci and &2 of the edge E. Without 
loss of generality we assume that |fci| = min{|fci|, Ifel}- Lemma [2.21 implies that 
I [flu , b n ] | > 20e 1 m[1 1 fci | , where | [a n , & n ] | is the length of the hyperbolic arc [a n ,b n ]. Let 
77"(mo,0) be the constant from Lemma 15.21 for the given mo and C = 0. Lemma 
5.21 implies the desired nesting of the cones if the right side of (f22|) is less than 
r]"(mo, 0)|[a„, b n ]\. To achieve this, it is enough to set 

1 . r y"(m ,0) 2r/'(m ,0) 7?"(m ,0) 



2 60e m «C"(m ) ' 3(1 + e 2 " 1 ") J 120e m °C"(ro ) 
and 

r)"(m ,0) 
120e m °C"(m ) 

for ?/"(mo,0) given by Lemma T5. 2 1 The nesting of the cones at a n and b n is guar- 
anteed by Lemma 15.21 because |[a„,& n ]| < m . 

Case 2. Assume that \a n , b n ] enters the edge E\ through a long side, then enters 
the edge E^ through a short side in common with E^ and exists E2 through a 
long side of E2 ■ Note that the set of geodesies of A which intersect the arc [a n , b n ] 
is either the set of geodesies which traverses the edge E\ or the set of geodesies 
which traverses the edge E2- For defmitcness, assume that we are in the former 
case. Let fci be the short side of E\ that intersects the boundary of E2 and let 
c n = [a n , b n ] n fci. Normalize such that a n = i £ M 2 . Let k\ and k\ be the two 
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Figure 2. 

arcs obtained by dividing k\ with the point c n such that the arcs [a n , c n ) and k\ 
have endpoints on the same long side l\ of E\, and that the arcs [c„,& n ] and k\ 
have endpoints on the same long side I2 of E2. Let h\ and Y12 be two arcs from c n 
orthogonal to l\ and h, respectively. 

It is immediate that |[o n ,c„]| > \h\\ and |[c„,6 n ]| > The hyperbolic sine 

rule and the fact that |fci| < ^ give |fc^| < cosh^|/ii| < cosh^|[a„,c„]| and 
I fcil < cosh^\h 2 \ < cosh-^|[c„,& n ]|. We obtain 

I Ai| < cosh — |[a„,6 n ]|. 

Similar to Case 1, we get 

1 + e 4m o 

\\<pp,Q - Id\\ < C"(2m )(||/3||. uara + 5)\k!\ + \\f3\\ max 

where we use 2m instead of nig because the diameter of E± U E% is 2rriQ. 

The nesting of the cones at a n and b n follows as in Case 1 with the constants 

= V'(2m ,0) 
6 120e 2m »C"(2m ) 

for r]"(27Tio, 0) given by Lemma [5?2] The later case is dealt with in the same fashion 
with the same constants. 

Case 3. Assume that [a n , b n ] enters a short side of an edge E±, then it enters a 
short side of an edge E2 which is in common with E\ and it exists a long side of 
E2 ■ See Figure 2 and Figure 3 for different possibilities of the relative positions of 
E\, E2 and g\. Let P and Q be the plaques that contain a n and b n , respectively. 

For the position in Figure 2 we argue as follows. Let El be the incoming edge 
which meets E2 at the same short side as E\. Let Q' be the plaque that separates 
the geodesies of A that traverse E\ from the geodesies of A that traverse El . Then 
we have 

</?P,Q = V?P,Q' <PQ',Q- 
Note that /3(Q',Q) = P{E\) which implies that \/3(Q',Q)\ < \\/3\\ max . 
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By reasoning as in Case 1, we obtain 

i I „4m 

\\<Pq>,q - 14 < C"(2m )(||/3|U 5 + 8)\h\ + — 2 \\f3\\ max 

where k\ is the short side of E\ intersecting E 2 - Recall that we normalized such 
that a n = j and b n = e~ m j for < to < 2niQ. Since [a„,6 n ] connects the short 
sides of the edge E l7 it follows that |[a n ,6 n ]| > to* > 0. 

We apply Lemma \5. II to (e~ m j, — j) € TH 3 with the constants 2mo, C = and 
to > > 0. We get 

^TH3(^, Q (e- m j,-j),(e- m j,-j)) < 187r[C"(2m )(\\p\\var e +S)\ki\+ 
(23) 1 + e 



\P\\max]<Tf(2m ,0) 



whenever 



(24) C"(2mo)(\\p\\ vart + S)\h\ + ^Q^U < ?/(2to 0; 0) 

m* 187r 



Recall that 

<PP,Q' = i>P,Q< ° R 



KP,Q') 

p 
Q' 



where, in general, f3(P,Q') ^ P{Ei) since a n is on a short side of E\. Let c„ be 
the point of the intersection between [a n , b n ] and the common boundary k\ of -Bi 
and E2. It follows that the arc [a n ,c„] and the subarc of any geodesic of A that 
traverses Ex are remaining close for the length to* . This implies that they intersect 
at small angles. We give a numerical statement. 

Lemma 6.1. Let E be an edge of a train track such that the shortest geodesic 
connecting the short sides has length at least I > and the maximum of the lengths 
of the short sides is at most x. Let a\ and a-i be geodesic arcs in E connecting the 
short sides intersecting at an angle <f>. Then 

7T I 

<t> < -(coth-)x. 

Proof. Let A = a\ PI ai- Then A divides a\ into two sub arcs a' x and a' 2 . Without 
loss of generality, we can assume that the length of a' x is at least \l. Then the length 
of the subarc a' 2 of the arc which connects the short side of E which contains an 
endpoint of to the point A is at least \l — x. Let h be the geodesic arc issued 
from the endpoint of a[ on a short side of E orthogonal to a' 2 - The length of h is 
at most x. We obtained a right angled triangle with one angle if whose opposite 
side has length at most x, and the side opposite to the right angle has the length 
at most \l. The hyperbolic sine rule gives 

sinh x 

sine 



sinh 



which implies 



7T I 

< ^(coth-)x. 



□ 
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We apply R^i P '® ' to </?Q',Q(e m j, —j). By Lemma I67T1 the angle of intersection 

9 Q' 

4> between gg, and g\ satisfies 

(25) ^<l( co th^)fc*. 
By Lemma 15.31 we have 

D m3 {[R f' Q>) o <p Q ,, Q }(e- m j, -j), (e~ m j, -j)) < 

(26) 9 Q' 

20C TH 3(^ Q ', Q (e- m j, -j), (e~ m j, -j)) + 4O^e 2m °0 

when D TU 3((pQ,,Q(e- m j,-j),(e- m j,-j)) < \ and <f) < s -^-. The former condi- 
tion is satisfied because D Tr p{^Q^Q{e~ m j, —j), (e~ m j, — j)) < ?/(2m ,0) < i. To 

achieve the later condition we require that ^(coth ^)fc* < e 16 - which implies 
that 

e" 2mo tanh ™ 

(27) k* < - 



2 



8tt 

By (|25 )l and fl26J) we have 

^([i?^ 90 o ^ )Q ](e- m i, -i), (e-™i, -j)) 



< 



5fin7r 1 -4- p 4m 

— [C"(2tn )(||)8|U (M . 4 + 8)\h\ + — \\/3\\ max ]m* 

to* 2 

20V27re 2mo coth ^ 



//)„ 



Let r]"(2mo, 1) be the constant from Lemma [5721 If 

TTi 

< 28 > ^^"-^ 4.560 7 r| fcl ^(2m ) T?//(2mo ' 1) ' 

771* 

(29) llflUx< 4 560 ; 3e4mo ^(2TO O ,l) 
and 

77? j. 

(30) fc* < = 7 ? "(2to ,1), 

V ; " 20V2Ve 2 ™o coth ^ V ; 

then 

(31) DrasdiJ^Q') o <pQ,, Q ](e- m j, -j), (e~ m j, -j)) < V "(2m , 1), 

By Case 1, we immediately obtain the estimate 

U P ,Q,-Id\\ < C'(2m )(\\p\\var s +S)\ki\. 

It follows that 

U P ,Q>-Id\\ <7/'(2mo,l) 
SA\d\L«r. < 



vars 2C'(2m )|fci| 



which is satisfied because C"(2too) < C"(2too) and by ([28]l . Therefore, Lemma [572 
and < 1/20 implies the nesting of the cones if 

_ to„t/'(2to , 1) . to^77"(2to ,1) to^"(2toq, 1) 
6 ~ 1307rC"f2?7in) " mini 4-5607rC"f2TOn)|fc 1 |' a . k^Z i+e 4 "-£ j 
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Figure 3. 



and 

< m*r)"(2m , 1) 
~ 1307rC"(2m ) 

and ([201) holds. 

We consider the positions in Figure 3. The top left position in Figure 3 is a 
subcase of the position in Figure 3 where we set (pQ'Q = Id an d the nesting follows 
for the same choices of e, 5 and k*. The top right position is exactly dealt as 
with the top left position. The bottom position in Figure 3 is exactly equal to the 
position in Figure 2 and the nesting is achieved by choosing the same constants. 

Case 4- Assume that [a n ,& n ] enters E on a short edge and that it exists E on 
the opposite short edge. The argument in this case is contained in the second part 
of Case 3 and the bounds are the same. 

Case 5. Assume that [a n , b n ] enters an edge E\ of f through a long side, enters 
another edge E% through a short side in common with E± and then enters an edge 
E3 through a short side in common with E2, and then exists E$ through a long 
side. Let P and Q be the plaques of f which contain a n and b n , respectively 
Note that the arc [a n , b n ] has length at least m* because it traverses the edge E 2 - 
Moreover, since the arc [a n ,b n ] connects two long sides of different edges of f it 
follows that the set of geodesies of f that intersect [a n ,b n ] is disjoint union of at 
most three sets of geodesies each of them traversing an edge of f. The situation 
in Figure 4 illustrates the case when this union consists of the geodesies traversing 
the edge above E2, the edge E2 and the edge below E2. Note that the short sides 
of these three geodesies are on the distance at most 3mo from a n = i. Other 



22 



DRAGOMIR SARIC 




Figure 4. 



possibilities can be easily checked by drawing pictures. It always happen that the 
set of geodesies of A intersecting [a n , b n ] is the disjoint union of at most three sets 
of geodesies traversing three edges of f whose short sides are on the distance at 
most 3m from a n . Therefore <^p,q is the composition of at most three Mobis maps 
ip E ', for i = 1,2, 3, each corresponding to an edge E[ of f. 

We use the argument from Case 1 to estimate \\(fE'. — -Ml- Namely, it is enough 
to replace mo with 3mo to obtain 

i I „6m 

(32) \\<p E , - Id\\ < C"(3m )(\\p\\ vars + 8)\ki\ + W\\ max - 

Consequently, we have 

\\<Pp,q - Id\\ < 3(1 + C"(3m )m\ vars + + \\P\\ma X ) x 

(33) 2 . 

x (C"(3m a )(\\(3\\ var5 + 6)\k' q \ + —- 2 I^IUax). 

Assume that 5, \\/3\\ var5 < \ and \\P\\ max < 1. Then 1 + C*"(3m )(||/3|| „ 1Tj + 
S)\K\ + i± r ::!L ll/3||ma :c < 1 + C"(3m ) + i±|^ because < i. We choose 

_ ^ _ m*r)"(3m , 0) 

~ 18C"(3m )(l + C"(3?7i ) + i+^) 2 ' 

We established that the cones are nested along the sequence {[a n , & n ]}neN- Thus 
the bending map / is injective on dooM 2 as claimed. We choose e and 6 to be the 
minimum over all cases and the nesting is guaranteed always. This ends the proof 
of Theorem 1.1. 

The size of e, 8 and k* depends on the above constants too and to* (cf. Table 
[6]). The minimum to* of the distances between short sides of the edges of f can 
be arbitrary small. In fact, when there are short closed geodesies contained in the 
geodesic lamination A then the train track r cannot be modified such that m* is 
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e = 5 


k* 


.000001 


2.20317 x 10" 17 


2.45816 x 10-' 20 


.00001 


2.20241 x 10" ib 


2.45807 x 10~ iS 


.0005 


1.08066 x 10~ 14 


6.13315 x 10" 15 


.001 


2.1201 x 10~ i4 


2.44836 x 10~ 14 


.0015 


3.1194 x 10~ 14 


5.4978 x 10~ 14 


.002 


4.07961 x 10~ 14 


9.75434 x 10" 14 


.0025 


5.00174 x 10" 14 


1.52107 x 10~ 13 


.003 


5.8868 x 10" 14 


2.18597 x 10~ 13 


.005 


9.07579 x 10- 14 


6.02374 x 10~ 13 


.01 


1.4901 x 10~ i3 


2.36178 x 1Q- LZ 


.05 


1.33635 x 10- 13 


5.03139 x 10- 11 


.1 


2.06663 x 10" 14 


1.64768 x 10~ iU 


.25 


3.41015 x 10" 19 


5.6501 x 10- 1U 


.5 


9.94507 x 10~ 43 


8.30612 x 10- 1U 


1 


5.6123380 x 10" 55U 


4.479 x 10- 1U 


2 


1.90389 x I0" 212uyi 


3.23146 x 10- 11 



Table 1. Values of e, S and k* for the given itlq. 



bigger than a universal positive constant. This fact forces us to include to* as a 
part of the geometric information for the geodesic lamination A. 

If A does not contain closed geodesies then there exists a choice of a geometric 
train track r which carries A such that to* > 1/20 and too = 1/5. In this case we 
explicitly compute the constants in Theorem 1.1 to be 

k* = 4.41719 x 10~ 10 

and 

e = S = 3.61749 x 10~ 17 . 

7. HOLOMORPHIC MOTIONS AND SHEAR-BEND COCYCLE 

Let K C C and let D = {w e C : \w\ < 1}. A holomorphic motion of a set K is 
a map 

/ : K x C 

such that 

f(-,w):K->£ 
is injective for each w £ D, f(z, 0) = z for all z £ K, and 

/(.V):B^C 

is holomorphic in w £ B for each z £ K (see p~2] ) . The variable w £ D is called the 
parameter of the holomorphic motion of K . It is also possible to define holomorphic 
motions over simply connected regions of C when we specify the point where the 
motion is the identity. 

The lambda lemma states that a holomorphic motion of K extends to a holo- 
morphic motion of the closure K of K (see [H]). Slodkowski [TS] proved that a 
holomorphic motion of a closed set K which contains at least three points extends 
to a holomorphic motion of C. In fact, if a holomorphic motion of K is invariant 



24 



DRAGOMIR SARIC 



under a subgroup G of PSL/2(C) then the extension of the holomorphic motion can 
be chosen to be G-equivariant on C |j. 

A shear-bend transverse cocycle (3 for a geodesic lamination A on a closed hyper- 
bolic surface S assigns to each arc k transverse to A (with cndpoints of k in the 
plaques of A) a number P(k) € C/2niZ such that if k = ki U ki and k\,ki have 
disjoint interiors then j3{k) = /3(k 1 ) + (3(k 2 ). Denote by "H(A,C/27rZ) the space 
of all shear-bend transverse cocycles for A. Bonahon [3] proved that the space of 
all representations of the fundamental group ni(S) of S in PSL>2(C) which realize 
A is homeomorphic to an open subset of H(\, C/27riZ), where the real part is re- 
stricted to belong to the image of T(S) in 'H(A,R) and there is no restrictions on 
the imaginary part. 

Let a £ W(A, R) be in the image of the Teichmiiller space T(S). For w = u + iv E 
C, we define (3 w {k) = (wa(k)) (mod 27riZ) for each arc k transverse to A. Then 
f3 w G H(\,C/2iriZ). Let f w : H 2 — s- H 3 be the shear-bend map corresponding to 
P T as in [3]. 

Theorem 7.1. Let a £ / H(X,M) be in the image of T(S) and let f(i+ w \ be the 
shear-bend map for /3(i+ w ) € H(\, < C/2Tti'Z). Then there exists r > such that the 
shear-bend map 

f [1+w) : H 2 — > H 3 

extends by continuity to a holomorphic motion of dcaM 2 in <9ooH 3 for the parameter 
{w e C : \w\ < r}. 

Proof. For w = u + iv, consider the hyperbolic surface S\+ u obtained by shearing 
along the real part of /3i+to which is (1 + u)a € H(A,R). By [3], the image of T{S) 
is a cone in 'H(A,K) and therefore S\+ u exists for r small enough. Note that Si is 
the original hyperbolic surface S. 

Let r be the train track that carries A used in the proof of Theorem 11.11 We 

choose r such that k* = | • g^ nh 2 . For |u| small enough, the endpoints 

of the switches of r under the shear map f(\+ u ) ar e close to the switches of r. 
By connecting the switches with geodesies for the hyperbolic metric of (1 + u)a 
we construct a train track t\ +u which is homotopic to r. For \u\ small enough, 
we have the constants too(ti +u ), m >t (Ti +tl ) and fc*(ri +[t ) are as close as we need 
to the original constants mo , m* and k* of the train tracy r = ti . The constants 
fc*(Ti+ u ) and c(ti-|- u ) = S(ti+ u ) from the proof of Theorem 11.11 depend continuously 
on mo(Ti +ll ), m„(Ti +M ) and £;*(ti_|_ u ). Thus they depend continuously on u and are 
bounded away from for u small enough. Then the proof of Theorem 11.11 applies 
to each P\+ w to obtain an injective map map for |w| small enough where the bound 
on |/m(w)| is obtained from Theorem 11.11 It is clear that when w = 0, we have 
/(l+o) = id- 

Finally, we fix z S <9oolHI 2 and consider w i— > f(\+ w ){ z )- Bonahon [3] proved 
that the shear-bend map is holomorphic in the transverse cocyle when restricted 
to a single plaque of A'. Since the endpoints of the plaques are dense in SooHI, it 
follows that w i — y f(i+ w )i z ) is holomorphic in w for z in a dense subset of <9ooIHI. By 
the lambda lemma, this is enough to claim that f(i+ w ) extends to a holomorphic 
motion of dooM 2 for w in the described neighborhood of £ C. □ 
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